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ON THE GROMOV WIDTH OF POLYGON SPACES
ALESSIA MANDINI AND MILENA PABINIAK
Abstract. For generic r = (r1, . . . , rn) ∈ R
n
+ the space M(r) of n–
gons in R3 with edges of lengths r is a smooth, symplectic manifold. We
investigate its Gromov width and prove that the expression
2pimin{2rj , (
∑
i6=j
ri)− rj | j = 1, . . . , n}
is the Gromov width of all (smooth) 5–gon spaces and of 6–gon spaces,
under some condition on r ∈ R6+. The same formula constitutes a lower
bound for all (smooth) spaces of 6–gons. Moreover, we prove that the
Gromov width of M(r) is given by the above expression when M(r) is
symplectomorphic to CPn−3, for any n ≥ 4.
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1. Introduction
In 1985 Mikhail Gromov proved his famous non-squeezing theorem say-
ing that a ball B2N (r) of radius r in a symplectic vector space R2N can-
not be symplectically embedded into B2(R) × R2N−2 unless r ≤ R (both
sets are equipped with the usual symplectic structure induced from ωstd =∑
dxj ∧ dyj on R2N ). This motivated the definition of the invariant called
the Gromov width. Consider the ball of capacity a
B2Na =
{
z ∈ CN
∣∣∣ π N∑
i=1
|zi|2 < a
} ⊂ R2N ,
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with the standard symplectic form ωstd =
∑
dxj∧dyj. TheGromov width
of a 2N -dimensional symplectic manifold (M,ω) is the supremum of the set
of a’s such that B2Na can be symplectically embedded in (M,ω). It follows
from Darboux’s Theorem that the Gromov width is positive unless M is a
point.
Let n be an integer greater or equal to 4 and let r1, . . . , rn be positive real
numbers. The polygon space M(r) is the space of closed piecewise linear
paths in R3 such that the j-th step has norm rj , modulo rigid motions. This
moduli space is also the symplectic reduction of the product of n spheres, of
radii r1, . . . , rn, by the diagonal action of SO(3),
M(r) = Sr/ 0SO(3) =
{
(−→e 1, . . . ,−→e n) ∈
n∏
i=1
S2ri |
n∑
i=1
−→e i = 0
}
/SO(3).
The length vector r is generic if and only if the scalar quantity
ǫI(r) :=
∑
i∈I
ri −
∑
i∈Ic
ri
is not zero for any I ⊂ {1, . . . , n} (Ic denotes {1, . . . , n} \ I). In this case,
the polygon spaceM(r) is a smooth symplectic (in fact, Ka¨hler) manifold of
dimension 2(n− 3). Observe that for any permutation σ ∈ Sn the manifolds
M(r) and M(σ(r)) are symplectomorphic. Note that the existence of an
index set I such that ǫI(r) = 0 is equivalent to the existence of an element
(−→e 1, . . . ,−→e n) in
∏n
i=1 S
2
ri that lies completely on a line. The stabilizer of
such an element is non-trivial: it is the S1 ⊂ SO(3) of rotations around that
line. Therefore the associated symplectic reduction has a singularity. An
index set I is called short if ǫI(r) < 0, and long if its complement is short.
Moreover I ismaximal short if it is short and is not contained in any other
short set.
From an algebro-geometric point of view, polygon spaces are identified
with the GIT quotient of (CP1)n by PSL(2,C). This GIT quotient is a
compactification of the configuration space of n points in CP1 and, via the
Gelfand–MacPherson correspondence, relates polygon spaces to the sym-
plectic reductions of the Grassmannian of 2-planes in Cn by the maximal
torus U(1)n of the unitary group U(n).
In this work we analyze the Gromov width of polygon spaces M(r) for
r ∈ Rn+ generic, n > 3, and prove the following results. For simplicity of
notation, for r ∈ Rn+, let
ρ(r) := 2πmin{2rj ,
(∑
i 6=j
ri
)− rj | j = 1, . . . , n}.
Theorem 1.1. For any generic r ∈ R5+, the Gromov width of the associated
manifold of 5-gons, M(r), is equal to ρ(r).
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Theorem 1.2. For any generic r ∈ R6+, the Gromov width of the associated
manifold of 6-gons, M(r), is at least ρ(r). Moreover, if for a permutation
σ ∈ S6 such that rσ(1) ≤ . . . ≤ rσ(6), one of the following holds:
• {1, 2, 3, 4} and {1, 2, 6} are short for σ(r), or
• {1, 2, 6} and {4, 6} are long for σ(r), or
• {5, 6} and {2, 3, 6} are short for σ(r)
then the Gromov width of M(r) is equal to ρ(r).
Theorem 1.3. Assume that there exists a maximal r-short index set {i0}.
In this case, M(r) is symplectomorphic to (CPn−3, 2( (∑i 6=i0 ri)− ri0)ωFS),
where ωFS denotes the usual Fubini-Study symplectic structure and its Gro-
mov width is ρ(r) = 2π
(
(
∑
i 6=i0
ri)− ri0
)
.
We conjecture that the Gromov width of polygon spaces, for any n ≥ 4
and any r generic is ρ(r).
Remark 1.4. Note that as M(r) and M(σ(r)) are symplectomorphic for
all σ ∈ Sn, we can always assume that r1 ≤ . . . ≤ rn. With this assumption,
for n ≥ 4
ρ(r) = 2πmin{2r1,
(∑
i 6=n
ri
)− rn}
=
{
2π
(
(
∑
i 6=n ri)− rn
)
if {n} is maximal short
4π r1 otherwise .
An important tool in the proof of the above results is a toric action, called
the bending action, defined on a dense open subset ofM(r) (possibly on the
whole M(r)). Let −→d = −→e i + . . . + −→e i+l be a choice of a diagonal of the
polygons in M(r). The circle action associated to −→d rotates the piecewise
linear path −→e i + . . . + −→e i+l along the axis of the diagonal −→d . This action
is defined on the dense open subset of M(r) consisting of polygons P for
which the diagonal
−→
d does not vanish. In this way any system of (n − 3)
non–intersecting diagonals gives a toric action of (S1)n−3 on a dense open
subset of M(r) (where the respective diagonals do not vanish). For many
r’s and for appropriate choices of diagonals the action can be defined on
the whole M(r). Using the flow of this action one can construct symplectic
embeddings of balls and thus obtain lower bounds for the Gromov width.
The bending action has a central role also in determining upper bounds
for the Gromov width, as certain tools (for example, [Lu06]) are available
for toric manifolds which are Fano, or blow ups of Fano toric manifolds at
toric fixed points. Using a Moser-type continuity argument we obtain upper
bounds for the Gromov width of some non-toric spaces M(r). The upper
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bounds coincide with the lower bounds we have determined by embedding
techniques, and so we determine an explicit formula for the Gromov width
of (some) polygon spaces.
One should mention here that there are efficient methods for finding the
Gromov width (and for solving the more general problem of ball packings)
of 4-dimensional manifolds that do not require the use of toric geometry. In
particular, the Gromov width of the spaces of 5-gons could also be found
using Propositions 1.9, 1.10 and Remark 1.11 of [McD09] by McDuff. These
methods, however, are specific for dimension 4. Therefore, instead of using
these tools, we use some tools from toric geometry as those can be applied
in any dimension.
Organization. We start with describing the tools for finding the Gromov
width in Section 2. In Section 3 we carefully define the polygon spaces and
various toric actions on them (or on their subsets). In Section 4 we compute
the Gromov with of theseM(r) which are symplectomorphic to a projective
space. Sections 5 and 6 are devoted to the computation of the Gromov width
of spaces of 5-gons and 6-gons, respectively.
Acknowledgements: The authors would like to thank Tara Holm, Yael
Karshon, Dominic Joyce, Dusa McDuff, Felix Schlenk and Kazushi Ueda for
helpful discussions. The authors are very grateful to the referees for their
corrections and useful comments.
The research leading to these results has received funding from the Eu-
ropean Research Council under the European Union’s Seventh Framework
Programme (FP7/2007-2013) / ERC Grant agreement no. 307119. The
second author was supported by the Fundac¸a˜o para a Cieˆncia e a Tec-
nologia (FCT, Portugal): fellowship SFRH/BPD/87791/2012 and projects
PTDC/MAT/117762/2010, EXCL/MAT-GEO/0222/2012.
2. Gromov width
2.1. Techniques for finding a lower bound for the Gromov width.
We start with describing techniques for finding a lower bound for the Gromov
width. If a manifold (M,ω) is equipped with a Hamiltonian (so effective)
action of a torus T , one can use this action to construct explicit embeddings
of balls and therefore to obtain a lower bound for the Gromov width. Such a
construction was provided by Karshon and Tolman in [KT05]. If additionally
the action is toric, that is, dimT = 12 dimM , then more constructions
are available (see for example: [T95], [Sch], [LMS13]). In what follows we
use results of Latschev, McDuff and Schlenk, [LMS13], presented here as
Proposition 2.1 and Proposition 2.2.
Recall that a Hamiltonian action of a torus T on a symplectic manifold
(M,ω) gives rise to a moment map µ : M → t∗, to the dual of the Lie algebra
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of T , which is unique up to translation in t∗. Reparametrizing the torus T
by some automorphism ψ of T one obtains a Hamiltonian action of T on M
with moment map Ψ ◦µ, where Ψ ∈ GL(dimT,Z) denotes the map induced
by the automorphism ψ : T → T . IfM is compact then the image, µ(M), is a
Delzant polytope. Identifying t∗ with RdimT we can view µ(M) as a polytope
in RdimT . Note however that such an identification is not unique: it depends
on the choice of splitting T into a product of circles, and on the choice of
identification of the Lie algebra of S1 with the real line R. Changing the
splitting of T results in applying a GL(dimT,Z) transformation to RdimT ,
while changing the identification Lie(S1) ∼= R results in rescaling.
As we are to calculate a numerical invariant, we need to fix a way of
identifying the Lie algebra of S1 with the real line R. We think of the circle
as S1 = R/(2πZ). With this convention the moment map for the standard
S1-action on C by rotation with speed 1 is given (up to an addition of a
constant) by z 7→ −12 |z|2. Define
✸
n(a) :=
{
(x1, . . . , xn) ∈ Rn(x) |
n∑
j=1
|xj | < a
2
}
⊂ Rn(x).
When the dimension is understood from the context we simply write ✸(a). If
M2n is toric, µ is the associated moment map and ✸(a) ⊂ Int µ(M) is a sub-
set of the interior of the moment map image, then a subset of µ−1(✸(a)) =
✸(a)×T n is symplectomorphic to ✸(a)× (0, 2π)n ⊂ Rn(x)×Rn(y) with the
symplectic structure induced from the standard one on Rn(x)×Rn(y). Below
we present a result from Latschev, McDuff and Schlenk, ([LMS13, Lemma
4.1]1) which, though stated in dimension 4, holds also in higher dimensions.
Note that the authors are using the convention where S1 = R/Z and there-
fore the proposition below looks differently than [LMS13, Lemma 4.1]. To
translate the conventions observe that ✸(a) × (0, 2π) is symplectomorphic
to ✸(2πa)× (0, 1).
Proposition 2.1. [LMS13, Lemma 4.1] For each ε > 0 the ball B2n2pi(a−ε) of
capacity 2π(a − ε) symplectically embeds into ✸n(a) × (0, 2π)n ⊂ Rn(x) ×
Rn(y). Therefore, if for a toric manifold (M2n, ω) with moment map µ,
Ψ(✸n(a)) + x ⊂ Intµ(M)
for some Ψ ∈ GL(n,Z) and x ∈ Rn, then the Gromov width of (M2n, ω) is
at least 2π a.
A more general result is true. Let lj < 0 < gj be real numbers such that
gj− lj = a, j = 1, . . . , n. We build a, not necessarily symmetric, cross whose
1This result was already used in [Sch05, Section 5] and [Sch, Section 9.3] though not
explicitly stated as a proposition.
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arms are open intervals of length a and take the convex hull of it. This way
we obtain a “diamond-like” open subset ✸n(a) ⊂ Rn(x).
✸
n(a) := ✸n(a)(l1, g1, . . . , ln, gn) = Conv(∪nj=1{xj ∈ (lj , gj), xi = 0 for i 6= j}).
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Figure 1. Diamond-like shape ✸n(a), a = gj − lj.
Proposition 2.2. [LMS13, Section 4.2] For each ε > 0 the ball B2n2pi(a−ε) of
capacity 2π(a − ε) symplectically embeds into ✸n(a) × (0, 2π)n ⊂ Rn(x) ×
Rn(y). Therefore, if there exist Ψ ∈ GL(n,Z) and x ∈ Rn such that
Ψ(✸n(a)) + x ⊂ Intµ(M)
for a toric manifold (M2n, ω) with moment map µ, then the Gromov width
of (M2n, ω) is at least 2π a.
Note that a simplex is a particular case of a diamond-like shape. Therefore
the above Proposition also implies the following result
Proposition 2.3. [Lu06, Proposition 1.3][P14, Proposition 2.5][Sch, Lemma
5.3.1] Let ∆n(a) := {(x1, . . . , xn) ∈ Rn>0 |
∑n
k=1 xk < a} be the n-dimensional
simplex. For any connected proper (not necessarily compact) Hamiltonian
T n space M let
W(Φ(M)) := sup{a > 0 | ∃Ψ ∈ GL(n,Z), x ∈ Rn s.t.Ψ(∆n(a))+x ⊂ Φ(M)},
where Φ is some choice of moment map. Then the Gromov width of M is at
least 2πW(Φ(M)).
Note that [P14], [LMS13] and [Sch] use different identification of t with
(Rn)∗ than [Lu06] and we here.
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2.2. Techniques for finding an upper bound for the Gromov width.
It was already observed by Gromov that one can use J-holomorphic curves
to find upper bounds for the Gromov width (see Proposition 2.4). Many
tools for finding upper bounds are based on a similar idea: non-vanishing of
a certain Gromov-Witten type invariant implies some upper bound for the
Gromov width. We start this section with explaining the above observation
in more details. Later we recall some tools for finding upper bounds for the
Gromov width constructed by Lu ([Lu06]), making use of a toric action.
2.2.1. J-holomorphic curves and upper bounds of the Gromov width. Here
we set the essential definitions and notations to be able to use pseudoholo-
morphic curves and Gromov-Witten invariants to compute the upper bound
of the Gromov width. We refer to McDuff–Salamon [MS04] for a com-
prehensive exposition of the subject, and to Caviedes [C16], Zoghi [Z10],
Karshon-Tolman [KT05] where these techniques are used to determine the
Gromov width of certain coadjoint orbits.
An almost complex structure on a symplectic manifold (M2n, ω) is a
smooth fiberwise linear map J : TM → TM such that J2 = −Id. An
almost complex structure J is ω-compatible if g(v,w) = ω(v, Jw) defines
a Riemannian metric. Denote by J (M,ω) the space of all ω-compatible
almost complex structures.
Let (CP1, j) be the Riemann sphere equipped with its standard complex
structure j and let J be a ω-compatible almost complex structures on M .
A J-holomorphic curve is a map u : CP1 →M satisfying J ◦ du = du ◦ j.
An important feature of J-holomorphic curves is that they come in families,
which combine together in a moduli space as follows. Given a homology
class A ∈ H2(M ;Z), let MA(M,J) denote the moduli space of simple J-
holomorphic curves:
MA(M,J) = {u : CP1 →M | u is a J-hol. curve, u∗[CP1] = A, u is simple}.
Consider the evaluation map
MA(M,J)× CP1 → M
(u, z) → u(z).
The group PSL(2,C) acts naturally on CP1 and by reparametrization on
MA(M,J). The evaluation map descends to the quotient and we obtain the
map
evJ :MA(M,J) ×PSL(2,C) CP1 →M.
The following result explains how J-holomorphic curves can be used to
obtain the upper bounds for the Gromov width. The idea goes back to
Gromov and was used by him to prove his famous non-squeezing theorem.
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Proposition 2.4. [Z10, Proposition 3.6] Let (M2n, ω) be a compact sym-
plectic manifold. Given A ∈ H2(M ;Z) \ {0}, if for a dense open subset of
ω-compatible almost complex structures J the evaluation map evJ is onto,
then for any symplectic embedding B2n(a) →֒ M of a ball of radius a, (ca-
pacity πa2), one has
πa2 ≤ ω(A)
where ω(A) is the symplectic area of A. In particular, it follows that the
Gromov width of (M2n, ω) is at most ω(A).
One way to prove that the evaluation map is onto is via Gromov-Witten
invariants. Fix A ∈ H2(M ;Z) \ {0}. Let Jreg(M,ω,A) denote the set of
ω-compatible almost complex structures which are regular for A in the sense
of Definition 3.1.1 of [MS04]. For J ∈ Jreg(M,ω,A) the set MA(M,J) is a
smooth manifold. Let α = α1 × . . .× αk be an element of Hd(Mk;Z) where
d is such that
(1) d+ (dimM + 2c1(TM)[A] + 2k − 6) = dimMk.
The Gromov-Witten invariant
ΦA(α1, . . . , αk) ∈ Q
“counts” (in nice situations it is an element of Z) the number of J-holomorphic
curves u in the homology class A which meet each of the cycles α1, . . . , αk.
The precise definition of the Gromov-Witten invariant involves some delicate
and technical tools that go beyond what is needed for the purpose of this
work, so we refer the reader to [MS04]. We want to stress that Gromov–
Witten invariants are symplectic invariants and independent of the choice of
an almost complex structure J ∈ Jreg(M,ω,A).
Let [pt] denote the Poincare´ dual of the homology class of a point. If
ΦA([pt], α2, . . . , αk) 6= 0 for some classes α2, . . . , αk then the evaluation map
is onto and we can apply the above theorem.
In Section 6 we will apply this method to 6-dimensional (so semipositive)
symplectic manifolds (M,ω) with homology classes A for which c1(TM)[A] =
2. Then one can take k = 1 and consider ΦA([pt]) ∈ Z. When ΦA([pt]) 6= 0
the above theorem implies that the Gromov width of (M,ω) is not greater
than ω(A).
2.2.2. Upper bounds for toric manifolds. Let
∆ =
d⋂
i=1
{x ∈ Rn|〈x, ui〉 ≥ λi}
be a Delzant polytope with primitive inward normals to the facets u1, . . . , ud
and let X∆ be the smooth toric symplectic manifold corresponding to it. Let
Σ = Σ∆ be the fan associated to ∆, and let G(Σ) = {u1, . . . , ud} denote the
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generators of the 1-dimensional cones of Σ. A well-known construction in
algebraic geometry assigns to Σ a toric variety XΣ (no symplectic structure
yet). Here XΣ is compact and smooth because Σ is smooth and its support
is the whole Rn. Moreover, our XΣ is projective and therefore there is a
one-to-one correspondence between Ka¨hler forms on XΣ and strictly convex
support functions ϕ on Σ. Recall that a piecewise linear function ϕ on Σ is
called a strictly convex support function for Σ if
(i) it is upper convex, i.e., ϕ(x) +ϕ(y) ≥ ϕ(x+ y) for all x, y ∈ Rn, and
(ii) the restrictions of it to any two different n-dimensional cones σ1,
σ2 ∈ Σ are two different linear functions,
(see [Lu06, Section 2]). Given a support function ϕ on Σ the symplectic
toric manifold (XΣ, 2πϕ) has moment map image ∆ϕ defined by inequalities
〈x,m〉 ≥ −ϕ(m) for all m ∈ Rn. Therefore, the symplectic toric mani-
fold, X∆, obtained from ∆ via the Delzant construction is (XΣ, 2πϕ) where
ϕ(ui) = −λi. To the pair (Σ, 2πϕ) Lu associates
Υ(Σ, 2πϕ) : = inf{
d∑
k=1
2πϕ(uk)ak > 0 |
d∑
k=1
ukak = 0, ak ∈ Z≥0, k = 1, . . . , d}
= inf{−
d∑
k=1
2πλkak > 0 |
d∑
k=1
ukak = 0, ak ∈ Z≥0, k = 1, . . . , d}
and use it to describe an upper bound for the Gromov width of toric Fano
manifolds.
A toric manifold is Fano if the anticanonical divisor is ample. We refer the
reader to, for example, [CLS11] or [K06], for more information about Fano
varieties. Here we only mention the properties that will be relevant to our
results. For compact symplectic toric manifolds one can determine whether
it is Fano by looking at the moment map image. As the property of being
Fano is a property of the underlying toric variety, not of the symplectic
structure, it is enough to analyze the fan associated to the moment map
image. A compact symplectic toric manifold M2n, with associated fan Σ, is
Fano if and only if there exists a monotone polytope
∆mon = {x ∈ Rn | 〈x, uj〉 ≥ −1, j = 1, . . . , d},
(the vectors u1, . . . , ud are primitive inward normals to the facets of ∆mon),
whose fan is also Σ. This follows from Theorem 8.3.4 of [CLS11]. Another
way to see that is by observing that the dual ∆∗mon = {y ∈ Rn | 〈x, y〉 ≥ −1}
is exactly equal to the convex hull of the points {uj , j = 1, . . . , d} and
applying Proposition 3.6.7 of [K06]. In particular all monotone compact
symplectic toric manifolds are Fano.
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We now quote a result of Lu which we will use to find upper bounds of
the Gromov width.
Theorem 2.5. [Lu06, Theorem 1.2] If X∆ = (XΣ, 2πϕ) is Fano then the
Gromov width of X∆ is at most
Υ(Σ, 2πϕ) = inf{−
d∑
k=1
2πλkak > 0 |
d∑
k=1
ukak = 0, ak ∈ Z≥0, k = 1, . . . , d}
Not all polygon spaces are toric and Fano. Some of the not Fano ones can
be obtained from toric Fano manifold by a sequence of toric blow ups. In
these situations we can apply another theorem of Lu.
Theorem 2.6. [Lu06, Theorem 6.2] Let XΣ˜ be a toric manifold obtained
from a toric Fano manifold XΣ by a sequence of blow ups at toric fixed points.
Then the generators of 1-dim cones of associated fans satisfy G(Σ) ⊂ G(Σ˜).
Moreover any strictly convex support function ϕ for Σ is also strictly convex
for Σ˜ and it holds that the Gromov width of (XΣ˜, 2πϕ) is not greater than
Υ(Σ, 2πϕ).
Note the typo in [Lu06]: there is an extra 2π appearing in his formulation
of the above theorem.
3. Polygon spaces
The moduli space M(r), r ∈ Rn+, n ≥ 4, of closed spatial polygons is
the space of closed piecewise linear paths in R3 with the j-th step of length
rj, modulo rigid motions in R
3 (i.e. rotations and translations). The space
M(r) inherits a symplectic structure by means of symplectic reduction, as
we describe below.
For any choice of n positive real numbers r = (r1, . . . , rn) ∈ Rn+, n ≥ 4,
let (S2ri , ωi) be the sphere in R
3 of radius ri and center the origin, equipped
with the symplectic volume form. The product
Sr =
( n∏
i=1
S2ri , ω =
n∑
i=1
1
ri
p∗iωi
)
,
where pj :
∏n
i=1 S
2
ri → S2rj is the projection on the j-th factor, is a compact
smooth symplectic manifold.
The group SO(3) acts diagonally on Sr via the coadjoint action (thinking
of each sphere S2ri as of a SO(3)-coadjoint orbit). This action is Hamiltonian
with moment map
µ : Sr → so(3)∗ ≃ R3
(−→e 1, . . . ,−→e n) 7→ −→e 1 + · · ·+−→e n.
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The symplectic quotient
M(r) := Sr/ 0SO(3) = µ−1(0)/SO(3)
is the space of n-gons of fixed side lengths r1, . . . , rn modulo rigid motions,
and is usually called polygon space. When it generates no confusion we will
use the name polygon for both: an element in µ−1(0) and its class in M(r).
Note that if n = 1 then the closing condition cannot be satisfied, if n = 2
thenM(r) is either empty or a point, depending on whether r1 = r2 or not,
and if n = 3 then M(r) is either empty or a point, depending on whether
r1, r2, r3 satisfy a triangle inequality. In our study of the Gromov width of
polygon spaces we omit these trivial cases and assume that n ≥ 4.
A polygon is degenerate if it lies completely on a line. The moduli space
M(r) is a smooth manifold if and only if the lengths vector r is generic, i.e.
for each I ⊂ {1, . . . , n}, the quantity
ǫI(r) :=
∑
i∈I
ri −
∑
i∈Ic
ri
is non-zero. Equivalently, r is generic if and only if in M(r) there are no
degenerate polygons. In fact, if there exists a polygon P on a line (or an index
set I such that ǫI(r) = 0) then its stabilizer is S
1 ⊂ SO(3) since the polygon
P is fixed by rotations around the axis it defines. Therefore the SO(3)-action
on µ−1(0) is not free and the quotient, µ−1(0)/SO(3), has singularities. Note
that, for r generic, the polygon space M(r) inherits a symplectic form by
symplectic reduction. Observe moreover that for any permutation σ ∈ Sn,
the manifolds M(r) and M(σ(r)) are symplectomorphic.
For any r generic, an index set I is said to be short if ǫI(r) < 0, and long
if ǫI(r) > 0, i.e. if its complement is short. An index set I ismaximal short
if it is short and maximal with respect to the inclusion on the collection of
short sets for r, i.e. any index set containing I as a non-trivial subset is long.
In [HK97], Hausmann and Knutson prove that polygon spaces are also
realized as symplectic quotients of the Grassmannians Gr(2, n) of 2-planes in
Cn, obtaining the Gelfand–MacPherson’s correspondence. The construction
goes as follows. Let U(1)n be the maximal torus of diagonal matrices in the
unitary group U(n) and consider the action by conjugation of U(1)n×U(2) ⊂
U(n)×U(2) on C2n. As the diagonal circle U(1) ⊂ U(1)n×U(2) acts trivially,
let us consider the effective action of K :=
(
U(1)n × U(2))/U(1) on C2n.
Let q = (q1, . . . , qn), with qi = (ci, di)
t ∈ C2, denote the coordinates in C2n.
The Hamiltonian action of K on C2n
q · [eiθ1 , . . . , eiθn , A] = (A−1q1eiθ1 , . . . , A−1qneiθn),
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with (eiθ1 , . . . , eiθn , A) ∈ U(1)n × U(2), has moment map
(2)
µ : C2n → (u(1)n)∗ ⊕ su(2)∗
q 7→
(
1
2 |q1|2, . . . , 12 |qn|2
)
⊕
n∑
i=1
(qiq
∗
i )0,
where (qiq
∗
i )0 denotes the traceless part: (qiq
∗
i )0 = qiq
∗
i − Trace(qiq∗i ) · Id.
The polygon space M(r) is then symplectomorphic to the symplectic re-
duction of C2n by K:
M(r) = C2n//
(r,0)
K
(cf [HK97]). In fact, performing the reduction in stages and taking first the
quotient by U(1)n at the r-level set, one obtains the product of spheres Sr.
The residual U(2)/U(1) ≃ SO(3) action is the coadjoint action described
above, and one recovers the polygon space M(r) as the symplectic quotient
Sr/0SO(3).
Performing the reduction in stages in the opposite order leads to the
Gelfand–MacPherson correspondence. One first obtains the Grassmannian
Gr(2, n) of complex planes in Cn as the reduction Cn×2/0U(2). Then the
quotient of Gr(2, n) by the residual U(1)n/U(1) action is isomorphic to the
moduli space of n points in CP1, cf. [GM82], and is also isomorphic to the
polygon spaceM(r), see [Kl94, KM96]. This is summarized in the following
diagram:
Cn×2
U(2)
zztt
tt
tt
tt
tt
U(1)n
%%
❏❏
❏❏
❏❏
❏❏
❏❏
Gr(2, n)
U(1)n/U(1)
$$
■■
■■
■■
■■
■■
∏n
j=1 S
2
rj
U(2)/U(1)≃SO(3)
zztt
tt
tt
tt
t
M(r)
The chambers of regular values in the moment polytope Ξ := µU(1)n(Gr(2, n))
are separated by walls WI = {r | ǫI(r) = 0} of critical values. Note that an
index set I and its complement Ic determine the same wall, and if I has
cardinality 1 or n − 1, then the associated wall WI is an external wall. A
chamber C is called external if it contains in its closure an external wall. In
particular, if r is in an external chamber, then there is a maximal short index
set I of cardinality one. In this case the polygon spaceM(r) is diffeomorphic
to the projective space CPn−3, [M14].
It is interesting to notice (though we will not use that in this work) that
two polygon spaces are diffeomorphic if and only if their integral cohomology
rings are isomorphic. This follows from [FHS, Theorem 3].
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3.1. Bending action. Let r ∈ Rn+ be generic. For any polygon P in M(r)
of edges −→e 1, . . . ,−→e n and vertices v1, . . . , vn, consider the system of n−3 non-
intersecting diagonals
−→
d 1, . . . ,
−→
d n−3 from the first vertex to the remaining
non-adjacent vertices, i.e.
−→
d i(P ) =
−→e 1 + · · · + −→e i+1. Following Nohara–
Ueda [NU14], we call this system of diagonals caterpillar system. The
lengths of the n− 3 diagonals
(3)
(d1, . . . , dn−3) :M(r) → Rn−3
P 7→ (|−→d 1(P )|, . . . , |−→d n−3(P )|)
are continuous functions on M(r) and are smooth on the subset where they
are not zero. Their image is a convex polytope in Rn−3, which we denote
by ∆, consisting of points (d1, . . . , dn−3) ∈ Rn−3 that satisfy the following
triangle inequalities
(4)
ri+2 ≤ di + di+1
di ≤ ri+2 + di+1
di+1 ≤ ri+2 + di
where i = 0, . . . , n − 3 and we use the notation d0 = r1, dn−2 = rn. The
functions di give rise to Hamiltonian flows, called bending flows, (cf [Kl94,
KM96]). The circle action associated with a given diagonal
−→
d i is defined on
the dense open subset {di 6= 0} ⊂ M(r) in the following way. The first i+1
edges bend along the diagonal
−→
d i at a constant speed while the remaining
edges do not move. Putting together the actions coming from (n − 3) non-
intersecting diagonals we obtain a toric action of (S1)n−3 on the dense open
subset {di 6= 0, i = 1, . . . , n − 3} ⊂ M(r). The action-angle coordinates are
given by the lengths di, . . . , dn−3 and the angles of rotation respectively. If
each di does not vanish on M(r) then M(r) is a symplectic toric manifold.
In this case, the moment map is given by (3) and the moment polytope is
∆ described by inequalities (4).
The choice of another system of n−3 non-intersecting diagonals gives rise
to a different Hamiltonian system on an open dense subset ofM(r) (possibly
the whole M(r)). These actions were investigated in [NU14], where it is
shown that any bending action on polygon spaces is induced by an integrable
system of Gelfand-Cetlin type on the Grassmannian Gr(2, n).
4. Projective spaces
In this section we analyze the Gromov width of M(r) in the cases when
M(r) is diffeomorphic to CPn−3, n ≥ 4, and prove Theorem 1.3.
We assume that r ∈ Rn+ is generic (so M(r) is a smooth manifold) and
that r1 ≤ r2 ≤ . . . ≤ rn. As shown in [M14, Proposition 4.2], M(r) is diffeo-
morphic to CPn−3 if and only if there is a maximal short set of cardinality
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1. Using the assumption that the ri’s are ordered non-decreasingly, this is
equivalent to {1, n} being long, i.e., 2r1 > γ := (
∑n−1
j=1 rj)− rn.
Proposition 4.1. Let r be generic, ordered non-decreasingly and such that
{1, n} is long. Then the symplectic volume of M(r) is
(2π)n−3
(n− 3)!γ
n−3
This proposition, together with [M14, Proposition 4.2] recalled above,
proves Theorem 1.3: as the volume of the ball of dimension 2n−6 and radius√
2γ is equal to pi
n−3
(n−3)!(
√
2γ)2n−6, Proposition 4.1 shows that the Gromov
width of the above M(r) is 2πγ, which in this case is exactly ρ(r).
Proof. From [M14, Section 2.5.1, page 210], we know that the symplectic
volume of the polygon space M(r) is given by
volM(r) = C
∑
(k1,...,kn)∈K
(
n− 3
k1, . . . , kn
)
rk11 · · · rknn
∑
I long
(−1)n−|I|(λ1I)k1 · · · (λnI )kn
where C = − (2pi)n−32(n−3)! , K = {(k1, . . . , kn) ∈ Zn≥0 |
∑n
i=1 ki = n−3} and λiI = 1
if i ∈ I and λiI = −1 if i /∈ I.
Let us analyze the contributions to the coefficient of a generic element
r
ki1
i1
· · · rkilil , for some l = 1, . . . , n−3. Note first that the contribution coming
from the long set I = {1, . . . , n− 1} is
(5) C(−1) · (−1)kn .
Any long set I different from {1, . . . , n − 1} contains n. The index sets I
that contain n and i1, . . . , il contribute by
C
∑
I long
{i1,..., il,n}⊂I
(−1)n−|I|(λ1I)k1 · · · (λnI )kn = C
∑
I long
{i1,..., il,n}⊂I
(−1)n−|I|
=

C
∑n−1−l
j=0 (−1)n−j−l−1
(n−1−l
j
)
if n /∈ {i1, . . . , il}
C
∑n−l
j=0(−1)n−j−l
(
n−l
j
)
if n ∈ {i1, . . . , il}.
The right hand side can be rewritten as
C(−1)n−l−1
n−1−l∑
j=0
(−1)j
(
n− 1− l
j
)
= C(−1)n−l−1(1− 1)n−1−l = 0,
in the first case, and similarly as
C(−1)n−l(1− 1)n−l = 0
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in the second case.
Long sets I that contain n and l − 1 elements in {i1, . . . , il} contribute,
up to a sign, by
C
∑n−1−l
j=0 (−1)n−j−l
(n−1−l
j
)
= C(−1)n−l(1− 1)n−1−l = 0 if n /∈ {i1, . . . , il}
C
∑n−l
j=0(−1)n−j−l+1
(n−l
j
)
= C(−1)n−l+1(1− 1)n−l = 0 if n ∈ {i1, . . . , il}.
Continuing this way we reach the long sets I that contain n and exactly
one element of {i1, . . . , il}. If n /∈ {i1, . . . , il}, then any set I containing n
and one element of {i1, . . . , il} is necessarily long, and the contribution of
such sets is still 0. If n ∈ {i1, . . . , il}, then the set I containing n and exactly
one element of {i1, . . . , il} is long if and only if {i1, . . . , il} ∩ I = {n}. The
contribution of these long sets I is
C
∑
I long
{i1,..., il}∩I={n}
(−1)n−|I|(−1)ki1+...+kil−kn = C
n−l∑
j=1
(−1)n−3−kn(−1)n−j−1
(
n− l
j
)
= C(−1)kn((1 − 1)n−l − 1) = −C(−1)kn .
We are left with analyzing the contributions from the sets I that contain
n and no element of {i1, . . . , il}. This is possible only if n /∈ {i1, . . . , il}, in
which case kn = 0. The contribution of such sets is
C
∑
I long
i1,..., il /∈I, n∈I
(−1)n−|I|(−1)ki1+...+kil = C(−1)n−3
n−1−l∑
j=1
(−1)n−j−1
(
n− 1− l
j
)
= C(−1)2n−4(0− 1) = −C = −C(−1)kn .
Note that now the summation is starting at j = 1 as {n} is not long.
This way we proved that the contribution to the coefficient of a generic
element r
ki1
i1
· · · rkilil , given by longs sets I that are different from {1, . . . , n−1}
is
−(−1)kn C,
regardless of whether n ∈ {i1, . . . , il} or not. Together with equation (5) this
implies that
volM(r) = −2C
∑
(k1,...,kn)∈K
(
n− 3
k1, . . . , kn
)
rk11 · · · (−rn)kn
=− 2C(r1 + . . .+ rn−1 − rn)n−3 = −2Cγn−3 = (2π)
n−3
(n− 3)!γ
n−3.

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Remark 4.2. Here is an alternative way of finding the Gromov width in
this case. One can show that if r is generic, ordered non-decreasingly and
{1, n} is long, then the bending action coming from the caterpillar system of
diagonals is toric onM(r). The moment map image is the set ∆ determined
by the following inequalities from (4):
r2 − r1 ≤ d1, dn−3 ≤ rn + rn−1, |rk+1 − dk−1| ≤ dk, k = 2, . . . , n− 3.
After appropriate translation, this set is GL(n,Z) -equivalent to a simplex
∆n−3(γ), namely F (∆n−3(γ)) = ∆ where F : Rn−3 → Rn−3
F (x) =

−1 0
−1 −1 0
. . . 0
−1 −1 . . . −1 0
0 0 . . . 0 1
x+

r1 + r2
r1 + r2 + r3
...
r1 + . . .+ rn−3
rn − rn−1
 .
This proves that in this case the manifold M(r) is symplectomorphic to
(CPn−3, 2 ( (
∑n−1
j=1 rj)−rn)ωFS) and its Gromov width is 2π ( (
∑n−1
j=1 rj)− rn).
4.1. Gromov width of 4-gons. Let r ∈ R4+ be generic and without loss of
generality assume that the lengths are non-decreasingly ordered. On M(r)
consider the bending action along the diagonal
−→
d = −→e1 + −→e2 . The diago-
nal
−→
d does not vanish if r1 6= r2 or r3 6= r4, which is always the case by
the genericity assumption. Thus the bending action is defined on the whole
M(r1, . . . , r4) making it a toric symplectic 2-dimensional manifold. In par-
ticular Hausmann and Knutson in [HK97] show that they are diffeomorphic
to CP1 and that the moment map image is then the interval
[max(r2 − r1, r4 − r3),min(r1 + r2, r3 + r4)] = [max(r2 − r1, r4 − r3), r1 + r2]
of length min(2r1, r1 + r2 + r3 − r4). Therefore the Gromov width of M(r)
is 2πmin(2r1, r1 + r2 + r3 − r4), as claimed in Theorem 1.3.
5. Gromov width of the spaces of 5-gons
In this section we analyze the Gromov width of M(r) for generic r ∈ R5+.
For this purpose we use the bending action along the caterpillar system of
diagonals starting from the first vertex, as in Figure 2.
Note that the caterpillar bending action on M(r) is toric if and only if
r1 6= r2 and r4 6= r5. Since M(r) is symplectomorphic to M(σ(r)) for
any permutation σ ∈ S5 of the lengths vector, one can use this symplec-
tomorphism to define a toric action on any M(r) with rσ(1) 6= rσ(2) and
rσ(4) 6= rσ(5) for some σ ∈ S5.
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Figure 2. Diagonals from the first vertex.
The image of the bending flow functions (3) (which is the moment map
in the toric case) is the polytope ∆ in R2 given by the intersection of the
rectangle of vertices
A = (|r2 − r1|, |r5 − r4|), B = (r2 + r1, |r5 − r4|),
C = (r2 + r1, r5 + r4), D = (|r2 − r1|, r5 + r4)
with the non-compact region
Ω = {(d1, d2) ∈ R2 | d2 ≥ d1 − r3, d2 ≥ −d1 + r3, d2 ≤ d1 + r3}
as in Figure 3, cf [HK97]. The possible normals to the facets are
(6)
u1 = (0, 1), u2 = (−1, 1), u3 = (−1, 0), u4 = (0,−1),
u5 = (1,−1), u6 = (1, 0), u7 = (1, 1).
Note that the diffeotype of M(r) is uniquely determined by the chamber
Cr ⊂ Ξ or, in other words, by the collection of r-short sets, cf. [M14]. More-
over, for r in any fixed chamber C, all toric M(r) have the same “shape”
of the moment map image with respect to the bending action along a fixed
system of diagonals, i.e. the moment polytopes have the same collection of
facet normals, though the lattice lengths of the edges of the polytopes may
vary. Note that for a non-trivial reshuffling σ(r), σ ∈ S5, of the length vector
r, σ(r) is in a different chamber than r. Nevertheless M(r) and M(σ(r))
are symplectomorphic. The bending action along the caterpillar system of
diagonals on M(σ(r)) induces a Hamiltonian system on M(r) which may,
or may not, correspond to bending along a different system of diagonals. In
Section 5.2, when needed, we use reshuffling of the length vector r to obtain
an action defined on the whole M(r), making it a toric manifold. To de-
termine the moment image, ∆, the following table will be useful. The table
describes when the vertices of the rectangle ABCD satisfy the inequalities
18 ALESSIA MANDINI AND MILENA PABINIAK
        
        
        
        
        
        
        
        
        









        
PSfrag replacements
A B
CD
Ω
d1
d2
r3
r3
r1 + r2|r1 − r2|
r4 + r5
|r5 − r4|
d2 = d1 − r3
d2 = d1 + r3
d2 = −d1 + r3
Figure 3. Moment polytope for the caterpillar bending ac-
tion on M(r).
defining the region Ω in the language of short sets. For simplicity we assume
partial ordering on the length vector r: r1 ≤ r2, r4 ≤ r5. All our reshuffled
length vectors from Section 5.2 will satisfy this partial ordering assumption.
vertex ∈ {d2 ≥ d1 − r3} if ∈ {d2 ≥ −d1 + r3} if ∈ {d2 ≤ d1 + r3} if
A {2,4} is short {1,3,4} is short {1,5} is short
B {1,2,4} is short {3,4} is short {5} is short
C {1,2} is short {3} is short {4,5} is short
D {2} is short {1,3} is short {1,4,5} is short
It is easy to see that under the assumption 0 < r1 ≤ . . . ≤ r5, we can
restrict our attention to the following 6 chambers:
• C1, determined by the short sets:
{i} ∀i = 1, . . . , 5,
{1, 2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {3, 4},
{1, 2, 3}, {1, 2, 4}, {1, 3, 4}, {2, 3, 4}.
Note that {5} is maximal short. For r ∈ C1, M(r) is diffeomorphic
to CP2.
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• C2, determined by the short sets:
{i} ∀i = 1, . . . , 5,
{1, 2}, {1, 3}, {1, 4}, {1, 5}, {2, 3}, {2, 4}, {3, 4},
{1, 2, 3}, {1, 2, 4}, {1, 3, 4}.
For r ∈ C2, M(r) is diffeomorphic to CP2 blown up at one point.
• C3, determined by the short sets:
{i} ∀i = 1, . . . , 5,
{1, 2}, {1, 3}, {1, 4}, {1, 5}, {2, 3}, {2, 4}, {2, 5},
{1, 2, 3}, {1, 2, 4}, {1, 2, 5}.
For r ∈ C3, M(r) is diffeomorphic to CP1 ×CP1.
• C4, determined by the short sets:
{i} ∀i = 1, . . . , 5,
{1, 2}, {1, 3}, {1, 4}, {1, 5}, {2, 3}, {2, 4}, {2, 5}, {3, 4},
{1, 2, 3}, {1, 2, 4}.
For r ∈ C4, M(r) is diffeomorphic to CP2 blown up at two points.
• C5, determined by the short sets:
{i} ∀i = 1, . . . , 5,
{1, 2}, {1, 3}, {1, 4}, {1, 5}, {2, 3}, {2, 4}, {2, 5}, {3, 4}, {3, 5},
{1, 2, 3}.
For r ∈ C5, M(r) is diffeomorphic to CP2 blown up at three points.
• C6, determined by the short sets: all I with |I| = 1, 2. For r ∈ C5,
M(r) is diffeomorphic to CP2 blown up at four points.
If r ∈ C1 then M(r) is symplectomorphic to (CP2, 2γωFS) and thus its
Gromov width is 2πγ = 2π(r1 + · · ·+ r4− r5) as we had shown in Section 4.
The moment map image for the caterpillar bending action on M(r), r ∈ C1,
is presented on Figure 4.
We now concentrate on the remaining chambers C2, . . . , C6. Therefore for
the next two subsections we assume that {1, 5} is short, i.e.
min{2r1, r1 + · · ·+ r4 − r5} = 2r1.
5.1. Lower bounds. To prove the lower bound for the Gromov width of
M(r) (r generic) we assume that r is ordered non-decreasingly. Under this
assumption,
min{2rj ,
(∑
i 6=j
ri
)− rj | j = 1, . . . , 5} = min{2r1, r1 + · · ·+ r4 − r5} = 2r1.
As before, consider the bending action along the caterpillar system of diag-
onals and let ∆ be the image (d1, d2)(M(r)). There always exists a “hori-
zontal” segment in ∆ of length 2r1, as we show in the next Lemma.
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Figure 4. Moment image of M(r) for r ∈ C1
Lemma 5.1. Let r ∈ R5+ be generic, ordered non-decreasingly and such that
{1, 5} is short. Then there exists do2 s.t. ∆ ∩ {(d1, d2) ∈ R2 | d2 = do2} has
length 2r1.
Proof. It is clear that there exists do2 s.t. ∆ ∩ {(d1, d2) ∈ R2 | d2 = do2}
has length 2r1 if and only if the triples (d
o
2, r4, r5),(r1 + r2, r3, d
o
2) and (r2 −
r1, r3, d
o
2) satisfy the triangle inequalities:
r4 ≤ r5 + do2
r5 ≤ r4 + do2
do2 ≤ r4 + r5
and

r1 + r2 ≤ r3 + do2
r3 ≤ r1 + r2 + do2
do2 ≤ r1 + r2 + r3
and

r2 − r1 ≤ r3 + do2
r3 ≤ r2 − r1 + do2
do2 ≤ r2 − r1 + r3.
The last two sets of inequalities are verified if and only if
do2 ∈[| r1 + r2 − r3 |, r1 + r2 + r3] ∩ [r3 − r2 + r1,−r1 + r2 + r3]
=[r3 − r2 + r1,−r1 + r2 + r3] 6= ∅,
while the first set gives the condition r5−r4 ≤ do2 ≤ r4+r5. The intersection
[r3 − r2 + r1,−r1 + r2 + r3] ∩ [r5 − r4, r4 + r5]
is non empty if and only if
r3 + r2 − r1 ≥ r5 − r4(7)
r3 − r2 + r1 ≤ r5 + r4(8)
The second inequality is verified as {1, 3} is short. Adding 2 r1 to both
sides of (7) and reordering the terms, one obtains that there exists do2 ∈
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[r3 − r2 + r1,−r1 + r2 + r3] ∩ [r5 − r4, r4 + r5] if and only if
r1 + r2 + r3 + r4 − r5 ≥ 2r1,
i.e. if {1, 5} is short. 
Let l2 be the real-valued function defined as follows
l2(d1) = min(r5 + r4, d1 + r3)−max(r5 − r4, |d1 − r3|)
= min
(
2r4, r5 + r4 − |d1 − r3|, d1 + r3 − r5 + r4, 2min(d1, r3)
)
For do1 ∈ [r2 − r1, r1 + r2] the function l2 measures the length of the vertical
segments, (non-empty by the above Lemma), ∆ ∩ {(d1, d2) ∈ R2|d1 = do1}.
Lemma 5.2. Let r ∈ R5+ be generic, ordered non-decreasingly and such that
{1, 5} is short. Then there exists do1 ∈ [r2−r1, r2+r1] such that l2(do1) ≥ 2r1.
Proof. We need to find do1 such that
min
(
2r4, r5 + r4 − |do1 − r3|, do1 + r3 − r5 + r4, 2min(do1, r3)
) ≥ 2r1.
If r3 < r1 + r2, then we find d
o
1 satisfying not only the above inequality but
also do1 ≥ r3. In fact, under this condition, the only relevant inequalities are
(9)
r1 + r2 ≥ do1 ≥ r3
−2r1 + r3 + r4 + r5 ≥ do1
do1 ≥ 2r1 − r3 − r4 + r5
Hence, any choice of
do1 ∈ [2r1 − r3 − r4 + r5, r5 + r4 + r3 − 2r1] ∩ [r3, r1 + r2] 6= ∅
is such that l2(d
o
1) ≥ 2r1. The above intersection is non-empty as r1 + r2 >
2r1 − r3 − r4 + r5 and r5 + r4 + r3 − 2r1 > r3.
On the other hand, if r3 ≥ r1 + r2, one can take do1 = r1 + r2. Then
l2(d
o
1) = min
(
2r4, r5 + r4 − r3 + r1 + r2, r1 + r2 + r3 − r5 + r4, 2(r1 + r2)
)
and l2(d
o
1) ≥ 2r1 becomes
r5 + r4 − r3 + r1 + r2 ≥ 2r1
r1 + r2 + r3 − r5 + r4 ≥ 2r1.
The latter holds by assumption and implies the first one. 
Proposition 5.3. (Lower bound) Let r ∈ R5+ be generic, ordered non-
decreasingly and such that {1, 5} is short. Then the Gromov width of M(r)
is at least 4πr1.
Proof. Let do1, d
o
2 be as in Lemmas 5.1 and 5.2. Then (d
o
1, d
o
2) ∈ ∆ is a center
of a diamond-like shape ✸2(2r1) fully contained in ∆. Hence the result
follows by Theorem 2.2. 
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5.2. Upper bounds. We now focus on finding a sharp upper bound for the
Gromov width of M(r), with r ∈ Ci, i = 2, . . . , 6.
Proposition 5.4. (Upper bound) Let r ∈ R5+ be generic, ordered non-
decreasingly and such that {1, 5} is short. Then the Gromov width of M(r)
is at most 4πr1.
Proof. We analyze each chamber Ci, i = 2, . . . , 6 separately.
r ∈ C2. This chamber is non empty, for example r = (1, 2, 3, 4, 7) ∈ C2.
Note that r4 < r5 as {3, 5} is long while {3, 4} is short, hence d2 6= 0 on
M(r). Similarly, r1 6= r2 because {2, 5} is long while {1, 5} is short and so
d1 6= 0 on M(r). Therefore M(r) equipped with the caterpillar bending
action is a toric manifold. The moment map image is presented in Figure 5,
and is determined by the normals and scalars (cf. (6))
u1 = (0, 1), λ1 = r5 − r4,
u3 = (−1, 0), λ3 = −(r1 + r2),
u5 = (1,−1), λ5 = −r3,
u6 = (1, 0), λ6 = r2 − r1.
As there exists a monotone polytope with the above set of normals to the
facets, the polygon spaceM(r) is Fano. Note that u3+u6 = 0 and therefore
Theorem 2.5 of Lu implies that the Gromov width ofM(r) cannot be greater
than −2π(λ3 + λ6) = 4πr1.
r ∈ C3. Example: r = (1, 2, 5, 6, 7). For some r in this chamber it might
happen that r1 = r2 or r4 = r5, in which case M(r) would not be toric with
respect to the standard bending action. However we always have r2 6= r3
because {2, 4} is short while {3, 4} is long. That also implies that r1 6= r5.
Hence if we reshuffle the length vector to (r2, r3, r4, r1, r5), then the diago-
nals d1 and d2 never vanish on M(r2, r3, r4, r1, r5). Therefore the manifold
M(r2, r3, r4, r1, r5) together with the caterpillar bending action is a toric
manifold. As it is symplectomorphic to M(r1, r2, r3, r4, r5), they have the
same Gromov width. To establish the upper bound of the Gromov width we
work with the toric manifold M(r2, r3, r4, r1, r5). The moment map image
is always a rectangle, as presented on Figure 6, thereforeM(r2, r3, r4, r1, r5)
is Fano. As u1 + u4 = 0, using Theorem 2.5 we obtain the upper bound of
4πr1.
r ∈ C4. Example: r = (2, 3, 4, 6, 8). It might happen that r1 = r2. How-
ever, r2 6= r3 because {2, 5} is short while {3, 5} is long and r4 6= r5 because
{3, 4} is short while {3, 5} is long. Hence the caterpillar bending action is
toric onM(r2, r3, r1, r4, r5), with associated moment map image as in Figure
7. M(r) is Fano and applying Lu’s Theorem 2.5, we get the upper bound of
4πr1 (relevant facet normals are u2 and u5).
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Figure 5. Moment polytope for M(r), r ∈ C2
r ∈ C5. Example: r = (2, 3, 3, 4, 5). It might happen that r1 = r2 and
r4 = r5. However r3 6= r4 because {3, 5} is short while {4, 5} is long. This
also implies that r2 6= r5. Hence M(r3, r4, r1, r2, r5) together with the cater-
pillar bending action is a toric manifold with moment image as in Figure
8. Applying Lu’s Theorem 2.5, with relevant facet normals u2 and u5, we
obtain the upper bound of 4πr1 for the Gromov width of M(r).
r ∈ C6. Example: r = (3, 4, 5, 5, 6). This chamber contains some length
vectors r of the type
(i) r1 = r2 = r3 = r4 = r5 (equilateral case),
(ii) r1 < r2 = r3 = r4 = r5, example r = (1, 2, 2, 2, 2),
(iii) r1 = r2 = r3 = r4 < r5, example r = (2, 2, 2, 2, 3)
which are not toric for any bending action, even after reshuffling the edges.
Note however that r = (r1, r1, r1, r1, r5) is in the chamber C1 if r5 > 2r1 and
the corresponding manifold is CP2, hence it is toric. It is shown in [HK00],
that in the equilateral case it is impossible to equipM(r) with a toric action.
For any r ∈ C6 not of the type (i),(ii), nor (iii), either M(r) is toric with
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Figure 6. Moment polytope of M(r2, r3, r4, r1, r5) for r ∈ C3
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Figure 7. Moment polytope of M(r2, r3, r1, r4, r5) with r ∈ C4.
ON THE GROMOV WIDTH OF POLYGON SPACES 25
PSfrag replacements
r1
r1
r5 − r2
u5
u2
r5 + r2
−2r1 + r2 + r5
r4 − r3
r4 + r3
Figure 8. Moment polytope of M(r3, r4, r1, r2, r5) with r ∈ C5.
respect to the caterpillar bending action or can be equipped with a toric
action by using the caterpillar bending action induced from M(σ(r)) for a
suitable permutation σ ∈ S5. However, there is no universal σ ∈ S5 that
would work for all r’s in this chamber, as it was the case for the chambers
C3, C4, C5.
Our proof for the upper bounds for r ∈ C6 is as follows: we first prove the
claim for those r ∈ C6 for which M(r) with the caterpillar bending action is
toric, and then we use a “Moser type” argument to extend the result to other
cases. Assume that M(r) is toric with the caterpillar bending action. Then
the moment image of M(r) is as in Figure 9. From the moment polytope
we can see thatM(r) is not Fano and hence we cannot apply Lu’s Theorem
2.5 directly. However M(r) is the toric blow up at three toric fixed points of
the symplectic toric manifold (CP1×CP1, 4r1ωFS ⊕ 4r4ωFS) corresponding,
via the Delzant construction, to the rectangle ABCD.
Applying Theorem 2.6 of Lu we obtain that the Gromov width of M(r)
is at most Υ(ΣABCD, 2π ϕABCD), which is at most 4πr1.
Now we use the Moser method to find an upper bound for the Gromov
width of the remaining cases by a continuity argument. We are grateful to
D. Joyce for the idea of using continuity and to Y. Karshon for help with
the details.
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Figure 9. Moment polytope of M(r) with r ∈ C6.
Consider M(r), with r ∈ C6 for which r1 = r2 or r4 = r5. Let Mt be
the family of polygon spaces Mt := M(r1, r2 + t, r3, r4, r5 + t), for t > 0,
small enough so that (r1, r2 + t, r3, r4, r5 + t) is still generic. Note that for
a small positive t the underlying differentiable manifold is the same for all
Mt = (M,ωt). The length vector (which depends on t) encodes the differ-
ent symplectic structures ωt on the differentiable manifold M . Moreover,
Mt, with caterpillar bending action, is a symplectic toric manifold and the
Gromov width of Mt is 4πr1. The key observation is that a ball of capacity
bigger than 4πr1 cannot be embedded into M0 =M(r) = (M,ω0) because
given any symplectic embedding of Ba into M0 we can always construct an
embedding of Ba−ε into Mt for t 6= 0 and ε > 0 small enough, as we show
below.
Take any symplectic embedding of a ball of capacity a, ψ : (Ba, ωstd) →֒
(M,ω0). That is, we have a smooth map ψ : Ba →M such that ψ∗ω0 = ωstd.
Denote Ωt := ψ
∗(ωt) on Ba. Following the arguments in Lemma 2.1 and
Remark 2.2 of McDuff [McD98] we will use “Moser’s trick” to construct a
smooth embedding
φt : Ba−ε → Ba
such that
φ∗t (Ωt) = ωstd.
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Then ψt := ψ ◦ φt : Ba−ε →M will be a symplectic embedding of Ba−ε into
Mt, as ψ∗t (ωt) = ωstd.
Observe that
(10) φ∗t (Ωt) = ωstd ⇔
d
dt
(φ∗tΩt) = 0.
LetXt denote the vector field generated by the isotopy φt, i.e.
d
dt φt = Xt◦φt.
Then
d
dt
(φ∗tΩt) = φ
∗
t (LXtΩt +
d
dt
Ωt).
By the Poincare´ Lemma (with parameters; cf [McD98, Remark 2.2]) for Ba,
there exist λt such that
d
dtΩt = −dλt. Therefore, using the Cartan formula
we get
d
dt
φ∗tΩt = φ
∗
t (LXtΩt−dλt) = φ∗t (d(ιXtΩt)+ιXt(dΩt)−dλt) = φ∗t d(ιXtΩt−λt).
If
ιXtΩt = λt
then ddtφ
∗
tΩt is certainly 0, and thus φ
∗
t (Ωt) = ωstd by (10). The non-
degeneracy of Ωt on Ba guarantees that this equation can always be solved
for Xt. For each p ∈ Ba, by integrating Xt one obtains its flow φt defined
in some neighborhood of p. The orbit φt(p) stays in Ba for small t. Given
any t > 0 we cannot guarantee that φt is defined on the whole Ba. However,
given any ε > 0 we can find a small t > 0 such that φt(Ba−ε) ⊂ Ba. Then
the map
ψ ◦ φt : (Ba−ε, ωstd)→ (M,ωt)
is a symplectic embedding. As the Gromov width of (M,ωt) is 4πr1, we must
have a − ε < 4πr1 for each ε > 0. This proves that a ≤ 4πr1 for all a such
that the ball Ba of capacity a symplectically embeds into (M,ω0) =M(r).

6. Gromov width of the spaces of 6-gons
In this section we analyze the Gromov width of the space of 6-gons M(r)
(as usually, r ∈ R6+ is assumed to be generic and thus M(r1, . . . , r6) is a
smooth manifold; see Section 3). Recall that our Theorem 1.2 states that
(11) ρ(r) = 2πmin{2rj ,
(∑
i 6=j
ri
)− rj | j = 1, . . . , 6}
is the lower bound for the Gromov width of M(r) and that if σ ∈ S6 is such
that rσ(1) ≤ . . . ≤ rσ(6) and one of the following holds:
• {1, 2, 3, 4} and {1, 2, 6} are short for σ(r), or
• {1, 2, 6} and {4, 6} are long for σ(r), or
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• {5, 6} and {2, 3, 6} are short for σ(r)
then the above formula is exactly the Gromov width ofM(r). AsM(r) and
M(σ(r)) are symplectomorphic for each permutation σ ∈ S6, we continue
to work with the assumption that r1 ≤ . . . ≤ r6, Then the value of (11) is
2πmin{2r1, (r1 + . . . + r5) − r6}. In this section we use the bending action
along the system of diagonals as in Figure 10. The functions di : M(r) →
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Figure 10. System of diagonals.
R, i = 1, 2, 3, denote the lengths of the respective diagonals. They are
continuous on the wholeM(r) and smooth on the dense subset {di 6= 0 | i =
1, 2, 3} ⊂ M(r). This subset is equipped with the toric bending action
for which the function (d1, d2, d3), restricted to {di 6= 0 | i = 1, 2, 3}, is a
moment map. The image ∆ of the (continuous) map (d1, d2, d3) : M(r)→ R3
is the region in R3 bounded by the triangle inequalities:
(12)
r2 − r1 ≤ d1 ≤ r2 + r1,
r4 − r3 ≤ d2 ≤ r3 + r4,
r6 − r5 ≤ d3 ≤ r5 + r6,
|d1 − d2| ≤ d3 ≤ d1 + d2
By a slight abuse of notation we denote the coordinates of R3 also by
d1, d2, d3. Let C be the cuboid of points satisfying the first three pairs
of inequalities (12), and let H+j be the affine half-space
(13) H+j =
{ 3∑
i=1
di ≥ 2dj
}
,
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bounded by an affine hyperplane Hj := {
∑3
i=1 di = 2dj}, j = 1, 2, 3. Then
∆ = C ∩
3⋂
j=1
H+j .
If {1, 6} is long, i.e. γ := r1 + . . . + r5 − r6 < 2r1 then M(r) is sym-
plectomorphic to CP3 and its Gromov width is 2πγ as we showed in Section
4. One can also see it directly here by observing that ∆ is a simplex with
vertices
v3 = (r2 + r1, r3 + r4, r6 − r5),
p1 = v3 − γ(1, 0, 0) = (r6 − r5 − r3 − r4, r3 + r4, r6 − r5),
p2 = v3 − γ(0, 1, 0) = (r2 + r1, r6 − r5 − r1 − r2, r6 − r5),
p3 = v3 + γ(0, 0, 1) = (r2 + r1, r3 + r4, r2 + r1 + r3 + r4),
which is fully contained in R3+, see Figure 11.
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Figure 11. The moment map image ∆ = C ∩H+3 = C ∩
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Now we concentrate on the cases when {1, 6} is short, that is, we work
with the assumption
(14) γ = r1 + . . .+ r5 − r6 > 2r1
and thus the expected Gromov width is 4πr1.
6.1. Lower bounds. To determine the lower bound for the Gromov width
ofM(r) we can fit a diamond-like open subset ✸n(2r1) in ∆. As ∆ is convex
by construction, it is sufficient to prove that in ∆ there are segments parallel
to the d1, d2, d3 axis respectively, each of length at least 2r1 and intersecting
at a point (do1, d
o
2, d
o
3) ∈ ∆.
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Lemma 6.1. There are values do2, d
o
3 such that the interval {(t, do2, do3) :
r2 − r1 ≤ t ≤ r1 + r2} of length 2r1 is fully contained in ∆.
Proof. We need to show that there are values do2, d
o
3 such that the inequal-
ities (12) are satisfied and that one can build triangles with edge lengths
(r2 − r1, do2, do3), (r2 + r1, do2, do3). That is, we need to show that the two
regions presented in Figure 12 have non-empty intersection. Note that this
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Figure 12. Conditions on do2, d
o
3.
intersection is not empty if and only if{
r2 − r1 + r5 + r6 ≥ r4 − r3,
r2 − r1 + r3 + r4 ≥ r6 − r5.
This is equivalent to r2+r3+r4+r5 ≥ r1+r6 and follows from our assumption
(14). 
Define functions l2, l3 : R
2 → R, and c : R3 → R by
l2(d1, d3) = min(r3 + r4, d1 + d3)−max(r4 − r3, |d1 − d3|)
= min(2r3, r3 + r4 − |d1 − d3|, d1 + d3 − r4 + r3, 2min(d1, d3)),
l3(d1, d2) = min(r5 + r6, d1 + d2)−max(r6 − r5, |d1 − d2|)
= min(2r5, r5 + r6 − |d1 − d2|, d1 + d2 − r6 + r5, 2min(d1, d2)),
c(d1, d2, d3) = min(l2(d1, d3), l3(d1, d2))
Note that if ∆ and the line {(d1, d2, d3) ∈ R3 | d1 = do1, d3 = do3} intersect
non–trivially, then they intersect in an interval of length l2(d
o
1, d
o
3). Similarly
for l3.
Lemma 6.2. There exist do2, d
o
3 as in Lemma 6.1 and d1 ∈ (r2 − r1, r2 + r1)
such that c(d1, d
o
2, d
o
3) ≥ 2r1.
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Proof. We need to find d1, d
o
2, d
o
3 such that d
o
2, d
o
3 are from Lemma 6.1, i.e.,
they are in the intersection of the two regions presented in Figure 12, and
that
min(2r3, r3 + r4 − |d1 − do3|, d1 + do3 − r4 + r3, 2min(d1, do3)) ≥ 2r1
min(2r5, r5 + r6 − |d1 − do2|, d1 + do2 − r6 + r5, 2min(d1, do2)) ≥ 2r1.
We show that there exist do1, d
o
2, d
o
3 satisfying not only the above conditions
but also: do2, d
o
3 ≥ do1 ≥ r1. The only non-trivial conditions in the above
inequalities are
r3 + r4 + d1 − do3 ≥ 2r1,
d1 + d
o
3 − r4 + r3 ≥ 2r1,
r5 + r6 + d1 − do2 ≥ 2r1,
d1 + d
o
2 − r6 + r5 ≥ 2r1.
This gives the following conditions on do2, d
o
3
r3 + r4 + d1 − 2r1 ≥ do3,
do3 ≥ 2r1 − r3 + r4 − d1,
r5 + r6 + d1 − 2r1 ≥ do2,
do2 ≥ 2r1 − r5 + r6 − d1.
Combining the above with the conditions in Figure 12 we obtain the inter-
section of the two regions in Figure 13, where
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Figure 13. Conditions on do2, d
o
3.
A1 = max(r4 − r3, 2r1 − r5 + r6 − d1, d1),
A2 = min(r4 + r3, r5 + r6 + d1 − 2r1),
B1 = max(r6 − r5, 2r1 − r3 + r4 − d1, d1),
B2 = min(r6 + r5, r3 + r4 + d1 − 2r1).
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Note that A1, A2, B1, B2 are functions of d1, which in turn satisfies r1+ r2 ≥
d1 ≥ r1. The intersection of the regions in Figure 13 is not empty if and
only if {
r2 − r1 +B2 ≥ A1,
r2 − r1 +A2 ≥ B1.
that is{
r2 − r1 +min(r6 + r5, r3 + r4 + d1 − 2r1) ≥ max(r4 − r3, 2r1 − r5 + r6 − d1, d1),
r2 − r1 +min(r4 + r3, r5 + r6 + d1 − 2r1) ≥ max(r6 − r5, 2r1 − r3 + r4 − d1, d1).
Most of these inequalities follow easily from the assumptions that r1 ≤ . . . ≤
r6, max(r1, r2 − r1) ≤ d1 ≤ r1 + r2 and min{2r1, (r1 + . . .+ r5)− r6} = 2r1,
so r2 + r3 + r4 + r5 ≥ r1 + r6. The relevant ones are
2d1 ≥ 5r1 − r2 − r3 − r4 − r5 + r6,
2d1 ≥ 5r1 − r2 − r3 + r4 − r5 − r6.
The second inequality follow from the first one. Thus the only relevant
condition is
2d1 ≥ 5r1 − r2 − r3 − r4 − r5 + r6.
To ensure the existence of d1 ∈ [max(r1, r2−r1), r1+r2] satisfying the above
condition it suffices to ensure that 2r1 + 2r2 ≥ 5r1 − r2 − r3 − r4 − r5 + r6
i.e. that
3r2 + r3 + r4 + r5 ≥ 3r1 + r6.
This holds by assumptions, as
2r2 ≥ 2r1,
r2 + r3 + r4 + r5 ≥ r1 + r6.

Proposition 6.3. Assume r ∈ R6+ is generic, ordered non-decreasingly and
that γ ≥ 2r1. Then the Gromov width of M(r1, . . . , r6) is at least 4πr1.
Proof. Take (do1, d
o
2, d
o
3) from Lemma 6.2. Then the sets
E1 := {d2 = do2, d3 = do3} ∩∆,
E2 := {d1 = do1, d3 = do3} ∩∆,
E3 := {d1 = do1, d2 = do2} ∩∆
are intervals of length greater or equal 2r1 and they intersect at (d
o
1, d
o
2, d
o
3).
Therefore their convex hull, Conv(E1, E2, E3) contains the closure of a diamond-
like open region, ✸(2r1), of size 2r1. Moreover Conv(E1, E2, E3) is contained
in ∆ (by convexity of ∆). Hence it follows from Proposition 2.2 that the
Gromov width of M(r1, . . . , r6) is at least 2π · 2r1. 
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6.2. Upper bounds. We now turn to finding upper bounds for the Gro-
mov width of M(r) in the cases when r is generic and no maximal r-short
index set has cardinality 1, i.e. min{2rj , (
∑
i 6=j ri) − rj | j = 1, . . . , 6} =
2min{rj | j = 1, . . . , 6}. (If such a maximal short set exists then M(r) is
diffeomorphic to projective space as described in the Section 4.) The goal
is to show that the Gromov width cannot be greater than 4πmin{rj | j =
1, . . . , 6}.
For simplicity of notation we assume that the length vector r is reshuffled
so that
r1 ≤ r2, r3 ≤ r4, r5 ≤ r6.
This partial ordering allows us to say that, for example, the values of d1 on
M(r) are in the interval [r2− r1, r1+ r2], instead of saying [|r2− r1|, r1+ r2].
The image ∆ = (d1, d2, d3)(M(r)) is then
∆ = C ∩
3⋂
j=1
H+j
where C is the cuboid of vertices v1, . . . , v8:
v1 = (r2 − r1, r4 − r3, r6 − r5), v5 = (r2 − r1, r4 − r3, r6 + r5),
v2 = (r2 + r1, r4 − r3, r6 − r5), v6 = (r2 + r1, r4 − r3, r6 + r5),
v3 = (r2 + r1, r4 + r3, r6 − r5), v7 = (r2 + r1, r4 + r3, r6 + r5),
v4 = (r2 − r1, r4 + r3, r6 − r5), v8 = (r2 − r1, r4 + r3, r6 + r5),
see Figure 14, and H+i , i = 1, 2, 3, are the affine half spaces as in (13). The
PSfrag replacements
v1 v2
v3v4
v5
v6
v7
v8
d1
d2
d3
Figure 14. The cuboid C.
hyperplanes Hi, i = 1, 2, 3, may give rise to the facets of ∆ with inward
normals w1 = (−1, 1, 1), w2 = (1,−1, 1), w3 = (1, 1,−1).
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The table below collects the information, obtained by a straightforward
computation, about when the vertices of C belong to H+i as well.
vertex is in H+1 if is in H
+
2 if is in H
+
3 if
v1 {2,3,5} is short {1,4,5} is short {1,3,6} is short
v2 {1,2,3,5} is short {4,5} is short {3,6} is short
v3 {1,2,5} is short {3,4,5} is short {6} is short
v4 {2,5} is short {1,3,4,5} is short {1,6} is short
v5 {2,3} is short {1,4} is short {1,3,5,6} is short
v6 {1,2,3} is short {4} is short {3,5,6} is short
v7 {1,2} is short {3,4} is short {5,6} is short
v8 {2} is short {1,3,4} is short {1,5,6} is short
Proposition 6.4. Let r ∈ R6+ be generic, ordered non-decreasingly and such
that {1, 6} is short. Assume in addition that {4, 6} and {1, 2, 6} are long.
Then the Gromov width of the symplectic toric manifold M(r) is at most
4πr1.
Proof. Reshuffle the length vector r to
σ(r) = (r1, r4, r2, r5, r3, r6).
Note that σ(r) is partially ordered and thus we can use the above table
(applied to σ(r)) to analyze the set ∆ = C ∩⋂3j=1H+j , which is the image
of M(σ(r)) by (d1, d2, d3). As {1, 2, 3, 5} and {1, 2, 3, 4} are short for r,
(so {1, 3, 4, 5} and {1, 2, 3, 5} are short for σ(r)), the hyperplanes H1, H2
do not cut any vertex of the cuboid, and thus ∆ = C ∩H+3 . Note that the
assumption {1, 2, 6} long implies that v1, v5, v6, v8 are not in H+3 . The vertex
v4 is always in H
+
3 as we are assuming that {1, 6} is short. Depending on
whether 0, 1, or 2 of the sets {2, 6} and {3, 6} are short, (corresponding to 0,
1, or 2 of the vertices v2, v7 being in H
+
3 ), the set ∆ is a simplex with 1, 2 or 3
corners chopped off, respectively (one corner is always chopped off as v4 is in
H+3 ). Let S be the simplex bounded by the hyperplanes H3, {d1 = r1+ r4},
{d2 = r2 + r5} and {d3 = r6 − r3}. The vertex H3 ∩ {d2 = r2 + r5} ∩ {d3 =
r6−r3} of the simplex S is chopped off in ∆ by the hyperplane {d1 = r4−r1}
(as v4 ∈ H+3 ). Let ∆′ denote the simplex S with one corner chopped. Note
that the vectors (1, 0, 0) and (−1, 0, 0) are among the inward normals to
the facets of ∆′. The vertices H3 ∩ {d1 = r1 + r4} ∩ {d3 = r6 − r3} and
H3 ∩ {d1 = r1 + r4} ∩ {d3 = r6 + r3} of the simplex S may also be chopped
in ∆ depending on whether {2, 6} and {3, 6} are short.
If r1 6= r4, r2 6= r5, and r3 6= r6 then the bending action on M(σ(r)) is
toric and ∆ is the moment map image. This implies that M(σ(r)) with the
bending action is CP3 blown up at 1, 2 or 3 points. In other words, it is a
toric Fano manifold corresponding to the polytope ∆′, or a blow up of this
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manifold at 1 or 2 toric fixed points. Applying Theorem 2.5 or 2.6 we get
that the Gromov width ofM(σ(r)) is at most 2π (r1+r2−(r2−r1)) = 4πr1.
SinceM(σ(r)) andM(r) are symplectomorphic, the Gromov width ofM(r)
is also at most 4πr1.
If at least one of r1 6= r4, r2 6= r5, and r3 6= r6 is not satisfied, then the
bending action is defined only on an open dense subset of M(σ(r)) and the
above argument does not apply. In this situation, one can use Moser’s trick
as in the case of 5-gons described in detail in Section 5. Let
Mt(r) =M(r1, r2, r3, r4 + t, r5 + t, r6 + t).
For t > 0 small, the polygon space Mt(r) with the bending action induced
using the symplectomorphism
M(r1, r2, r3, r4 + t, r5 + t, r6 + t) ≃M(r1, r4 + t, r2, r5 + t, r3, r6 + t)
is toric. Moreover, if {4, 6} and {1, 2, 6} are long for M(r), then {4, 6} and
{1, 2, 6} are also long for Mt(r) and the Gromov width of Mt(r) is 4πr1 by
Proposition 6.4.
Assume that there exists a symplectic embedding of a ball of capacity
a > 4πr1 into M(r). As in Section 5 we use Moser’s trick to show that the
Gromov width ofM(r) is not larger than 4πr1. Therefore there cannot exist
an embedding of a ball of capacity a > 4πr1 into M(r). 
Proposition 6.5. Let r be generic, ordered non-decreasingly and such that
{2, 3, 6} and {5, 6} are short. Then the Gromov width of the symplectic toric
manifold M(r) is at most 4πr1.
Proof. Reshuffle the length vector r to
σ(r) = (r1, r4, r2, r5, r3, r6).
Note that σ(r) is partially ordered and thus we can use the above table
(applied to σ(r)) to analyze the set ∆ = C ∩⋂3j=1H+j , which is the image of
M(σ(r)) by (d1, d2, d3). As {1, 2, 3, 4} is long (by assumption), all 4–element
sets are long, and all 2–element sets are short. Thus each hyperplane is
cutting at least one vertex. Our assumptions guarantee that each of them
cuts exactly one vertex (out of the vertices v2, v4, v5). Therefore ∆ is the
cuboid C with three non-adjacent corners chopped off. If r1 6= r4, r2 6= r5,
and r3 6= r6 then the bending action on M(σ(r)) is toric, and M(σ(r)) is
symplectomorphic to the blow up of the toric Fano manifold (CP1 × CP1 ×
CP1, 4r1ωFS ⊕ 4r2ωFS ⊕ 4r3ωFS) (corresponding to the cuboid C), at three
toric fixed points. Applying Theorem 2.6 we get that the Gromov width of
M(σ(r)) is at most 2π (r1 + r2 − (r2 − r1)) = 4πr1.
If at least one of r1 6= r4, r2 6= r5, and r3 6= r6 is not satisfied, one uses
Moser’s trick as above. 
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Remark 6.6. In the cases not covered by Propositions 6.4, 6.5 the polygon
space M(r) equipped with the bending action along the system of diagonals
as in Figure 10 is not obtained from a toric Fano manifold by blowing up at
toric fixed points, and so Theorem 2.6 cannot be applied. Note however that
all M(r) are obtained by a sequence of symplectic cuts2 from the manifold
associated to the cuboid C, which is (CP1)3, with some scaling of Fubini-
Study symplectic forms on each CP1 factor. It seems very natural to expect
that the Gromov width of a compact symplectic manifold would not increase
under the symplectic cut operation. This would imply that the Gromov width
of M(r) would be bounded above by the Gromov width of the manifold cor-
responding to C, which is 4πr1. Together with Proposition 6.3 this would
prove that the Gromov width of M(r) is exactly 4πr1.
We now use a different argument to obtain the upper bound for the Gro-
mov width of 6-gons, under different restrictions on the lengths ri. When ∆
contains a whole facet F of the cuboid C, where one of the side lengths of
F is 2r1, then we obtain that the Gromov width of the associated polygon
space M(r) is at most 2π 2r1. We do this by showing the non-vanishing
of some Gromov–Witten invariant, as explained below. We are grateful to
Dusa McDuff for suggesting us this approach.
Suppose that the moment map image ∆ for the toric (so Ka¨hler) manifold
M(r) contains a whole facet of the cuboid C, where one of the side lengths
is 2r1. Call this facet F , and let DF := (d1, d2, d3)
−1(F ) ⊂ M(r). This is
a complex and symplectic submanifold of M(r). Note that as r is generic,
some neighborhood of F in C is also in ∆. Therefore some neighborhood of
DF in M(r) is diffeomorphic to a neighborhood of CP1×CP1×{pt} in the
Ka¨hler manifold (CP1×CP1×CP1, 4r1ωFS⊕4r3ωFS⊕4r5ωFS) corresponding
to the cuboid C, by a diffeomorphism preserving the Ka¨hler structure. This
means that the tangent space TM(r) in a neighborhood of DF splits as a
sum of line bundles TCP1 ⊕ TCP1 ⊕ TCP1, denoted later by L1,L2 and L3,
and thus we can choose a compatible almost complex structure J on M(r)
which near DF is a direct sum J = J1⊕ J2 ⊕ J3, where each Jl is a complex
structure on the respective copy of CP1.
Let A ∈ H2(M(r);Z) be the homology class corresponding to the preim-
age (under the moment map (d1, d2, d3)) of the edge of length 2r1. For
simplicity of notation assume that this edge corresponds to the first CP1 in
DF = CP
1×CP1×{pt}. Note that the splitting of TM(r) near DF implies
that the first Chern classes of line bundles L1,L2 and L3 evaluated on [A]
give
c1(L1)[A] = c1(TCP
1)[CP1] = 2, c1(L2)[A] = 0 = c1(L3)[A],
2For the definition of symplectic cuts see [L95]
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and thus c1(TM(r))[A] = 2. As these Chern numbers are not smaller than
−1, by Lemma 3.5.1 from [MS04], J is regular for A. Moreover, the equation
(1) holds for d = 0, and k = 1, and one can consider the Gromov-Witten
invariant, ΦA,1([pt]), associated to the homology class A and evaluated on
the Poincare´ dual to the homology class of a point. Observe that,
ΦA,1([pt]) = 1 6= 0.
Indeed, since J |DF is a product, each J-holomorphic curve in DF must
project to a J-holomorphic curve in each factor, and hence it must be of the
form CP1×{pt}. Therefore there is one such curve through every point x ∈
DF . In general there might be other J-holomorphic curves in the manifold
M(r) that go through the designated point but do not lie inDF , which could
count positively or negatively. Note however that DF is J-holomorphic,
and A · [DF ] = 0. Therefore positivity of intersections of J-holomorphic
submanifolds (see [MS04, Theorem 2.6.3] which, though stated in dimension
4, also holds for higher dimensions) tells us that every J-holomorphic curve
must lie entirely in DF . Hence there are no other J-holomorphic curves and
ΦA,1([pt]) = 1. The non-vanishing of the above Gromov-Witten invariant
(for the chosen regular J) implies that for a generic choice of an almost
complex structure J ′, the evaluation map is onto, and thus the Gromov
width of M(r) is at most ω(A) = 4πr1 (Theorem 2.4).
Using this argument, we show that when the bending action on M(r) is
toric and ∆ contains one facet F of the cuboid C as above, with one edge of
length 2r1 then the Gromov width of M(r) is at most 2π2r1.
Proposition 6.7. Let r ∈ R6+ be generic, ordered non-decreasingly. If
{1, 2, 6} and {1, 2, 3, 4} are short, then the Gromov width of M(r) is at
most 4πr1.
Proof. We show that if {1, 2, 6} and {1, 2, 3, 4} are short, then the top facet
of the cuboid C is in ∆. Assume first that r3 6= r4. Consider the following
reshuffling of r
σ(r) = (r1, r6, r2, r5, r3, r4).
The bending action on M(σ(r)) associated to the choice of diagonals in
Figure 10 is toric as r3 6= r4 (so also r1 6= r6 and r2 6= r5). The moment map
image ∆ contains the “top” facet of the cuboid C as it contains the vertices
v5, v6, v7, v8 (see the table on page 34 applied to σ(r)). Then the image ∆
of M(σ(r)) contains the vertices v5, v6, v7, v8 if and only if {1, 2, 3}, {1, 3, 4}
and {1, 3, 5, 6} are short for σ(r), or, equivalently, if and only if {1, 2, 6},
{1, 2, 5} and {1, 2, 3, 4} are short for r. (Note that {1, 2, 6} short implies
that {1, 2, 5} is also short.) Since the top facet of ∆ has shortest edge of
length 2r1, by the argument above, if {1, 2, 6} and {1, 2, 3, 4} are short then
the Gromov width of M(r) is less or equal to 4πr1.
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If r3 = r4 then the bending action on M(σ(r)) is not toric and the above
argument does not apply. In this case we proceed as before: consider the
family Mt :=M(r1, r2, r3, r4 + t, r5 + t, r6 + t) and use the continuity argu-
ment, “Moser’s trick”.

Note that for r ∈ R6+ ordered non-decreasingly, and such that
{1, 2, 6} long
{4, 6} short or
{1, 2, 6} short
{1, 2, 3, 4} long
{2, 3, 6} long
none of our results for the upper bound applies. Hence in these cases we
only have the lower bound as in Proposition 6.3.
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